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a b s t r a c t
For a finite group G, a Cayley graph Γ = Cay(G, S) on G is said to be normal if GR C Aut Γ .
In this note, we prove that connected cubic non-symmetric Cayley graphs of the ten finite
non-abelian simple groupsG in the list of non-normal candidates given in [X.G. Fang, C.H. Li,
J. Wang, M.Y. Xu, On cubic Cayley graphs of finite simple groups, Discrete Math. 244 (2002)
67–75] are normal.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
For a finite group G, a nonempty subset S of G is called a Cayley subset if 1 6∈ S, where 1 stands for the identity of G. Given
a Cayley subset S of G, the Cayley digraph Γ = Cay(G, S) of G with respect to S consists of the vertex set VΓ and the edge
set EΓ as below:
VΓ = G, EΓ = {{g, sg}|g ∈ G, s ∈ S}.
If S = S−1 := {s−1|s ∈ S}, then Γ is undirected, and if 〈S〉 = G, then Γ is connected. All Cayley graphs considered in this
paper are undirected and connected.
Let GR = {σg |g ∈ G}, the set of all right translations σg : x 7→ xg . Then GR, hereafter identified with G (this should
cause no confusion), is a transitive automorphism group of Γ = Cay(G, S). By Godsil and Xu [4,9], for a connected Cayley
graph Γ = Cay(G, S), we have NAut Γ (G) = G : Aut(G, S), where Aut(G, S) = {σ ∈ Aut(G)|Sσ = S}. Following Xu [9],
Γ = Cay(G, S) is called a normal Cayley graph if G is normal in Aut Γ , that is, if Aut Γ = G : Aut(G, S).
For a positive integer s, an s-arc of the graph Γ is a sequence (v0, v1, . . . , vs) of s+ 1 vertices of Γ with (vi−1, vi) ∈ EΓ
and vi−1 6= vi+1 for all i ∈ {1, . . . , s}. A graph Γ is called s-arc transitive if Aut Γ acts transitively on the set of all s-arcs of
Γ ; in particular, a 1-arc-transitive graph is also called a symmetric or arc-transitive graph.
Our purpose here is to study the automorphism group of cubic Cayley graphs on finite non-abelian simple groups. If
Γ = Cay(G, S) is symmetric, then Li [8] showed that Γ is normal if G is not one of the following seven groups: A5, Ł2(11),
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M11,A11,M23,A23 and A47. For these seven groups, Xu et al., in [10], showed that if G 6= A47 then Γ is normal, while, for
G = A47,Γ is non-normal and 5-arc transitive. Further, the full classification of cubic 5-arc-transitive Cayley graphs on finite
non-abelian simple groups was completed in [11].
Now we concentrate on the case where the cubic Cayley graph Γ = Cay(G, S) is non-symmetric. Fang et al. in [1]
improved these results by proving the following result.
Proposition 1.1 ([1]). Let Γ = Cay(G, S) be a connected cubic Cayley graph on a finite simple group G, then Γ is normal if G is
not one of the following groups:
(1) M11,M22,M23, J2, Suz, L2(11);
(2) G = An, where n ∈ {5, 11, 23, 47} ∪ {2m − 1|m ≥ 3};
(3) G is a simple group of Lie type of even characteristic except the following groups:
L2(2e), L3(2e),U3(2e), PSp4(2
e), E8(2e), F4(2e), 2F4(2e)′,G2(2e), Sz(2e).
In this note, we consider the normality of connected cubic non-symmetric Cayley graphs on the groups given in (1) and
(2) with n ∈ {5, 11, 23, 47} of Proposition 1.1. In particular, the following theorem is our main result.
Theorem 1.2. Let Γ = Cay(G, S) be a connected cubic non-symmetric Cayley graph on a group G, where G ∈ {M11,M22,M23,
J2, Suz, L2(11),A5,A11,A23,A47}. Then Aut Γ = G : Aut(G, S).
The next section gives some lemmas, and Theorem 1.2 will be proved in Section 3.
2. Three lemmas
In this section, we give three lemmas which will be used in the proof of our theorem. The first lemma gives a general
description of the full automorphism group of a connected Cayley graph on a finite non-abelian simple group. A transitive
permutation group G on a setΩ is called quasiprimitive if each of its nontrivial normal subgroups is transitive onΩ . A group
G acts semiregularly on a setΩ if Gα = 1 for any α ∈ Ω .
For a graph Γ and K ≤ Aut Γ , the quotient graph ΓK of Γ relative to K is defined as the graph with vertices the K -orbits
in VΓ , such that two K -orbits, say X and Y , are adjacent in ΓK if and only if at least one x ∈ X and at least one y ∈ Y are
adjacent in Γ .
Lemma 2.1 ([3, Theorem 1.1]). Let Γ = Cay(G, S) be a Cayley graph on a finite non-abelian simple group G. Let M be a subgroup
of Aut Γ containing G : Aut(G, S). Then either M = G : Aut(G, S) or one of the following holds:
(1) M is almost simple with Soc(M) containing G as a proper subgroup;
(2) G : Inn(G) ≤ M ≤ G : Aut(G, S).2 and S is a self-inverse union of G-conjugacy classes;
(3) M is not quasiprimitive on VΓ and there is a maximal intransitive normal subgroup K of M such that one of the following
holds:
(a) M/K is almost simple, and Soc(M/K) contains GK/K ∼= G and is transitive on VΓK ;
(b) M/K = AGL3(2),G = L2(7) and ΓK ∼= K8;
(c) Soc(M/K) ∼= T × T and GK/K ∼= G is a diagonal subgroup of Soc(M/K) (see Table 1 of [3] for T and G).
The following lemma is a result of Guralnick.
Lemma 2.2 ([5, Theorem 1]). Let G be a non-abelian finite simple group with H < G and |G : H| = pa, p a prime. One of the
following holds:
(1) G = An and H ∼= An−1 with n = pa;
(2) G = Ln(q), H is the stabilizer of a line or hyperplane, and pa = qn−1q−1 ;
(3) G = L2(11) and H ∼= A5;
(4) G = M23 and H ∼= M22 or G ∼= M11 and H ∼= M10;
(5) G = PSU4(2) and H is the parabolic subgroup of index 27.
For a finite group L, letm(L) denote theminimal index of a proper subgroup of L. The final lemma records an upper bound
on the order of a Sylow subgroup of a finite simple group G in terms ofm(G).
Lemma 2.3 ([2, Lemma 2.1]). Let G be a finite non-abelian simple group and let p be a prime divisor of |G|. Suppose that a Sylow
p-subgroup of G has order pd. Then d ≤ (m(G)− 1)/(p− 1) if p 6= 2 and d ≤ m(G)− 2 if p = 2.
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3. Proof of Theorem 1.2
Proof. For Γ = Cay(G, S) given in Theorem 1.2, write A = Aut Γ , and let A1 denote the stabilizer of Aut Γ fixing
v = 1 ∈ VΓ . Then Aut Γ = GA1 with G ∩ A1 = 1. Since Γ is a cubic non-symmetric graph, A1 is a 2-group. Assume
that |A1| = 2s for some integer s ≥ 0. If G is not normal in A then there is a subgroup M of A such that G : Aut(G, S) is
maximal in M . Then either Lemma 2.1(1) or 2.1(3)(a) occurs. In the former case M is almost simple with soc(M) properly
containing G, which implies that G is not normal in M . It follows that |soc(M) : G| = 2n, for some integer n ≥ 2, which by
Lemma 2.2 is not the case for G given in Theorem 1.2. So we need only to consider case (3)(a) of Lemma 2.1.
ThenM has a maximal intransitive normal subgroup K such thatM/K is an almost simple group containing GK/K ∼= G.
Since K ∩ G = 1, K is a 2-group. Let |K | = 2m, for some integerm ≥ 1. If soc(M/K) 6= GK/K , again by Lemma 2.2, a similar
argument as above yields a contradiction. So soc(M/K) = GK/K ∼= G, which implies that GK C M . If K is centralized by
G, then G is a characteristic subgroup of GK and hence G C M , which is not the case since NAut Γ (G) = G : Aut(G, S) is a
maximal subgroup ofM . Thus, by conjugation, G acts nontrivially on K , and hence G is isomorphic to a subgroup of Aut(K).
Then, by Hall [6], we conclude further that G is isomorphic to an irreducible subgroup of Ld(2), for some integer d ≤ m.
On the other hand, K must be semiregular on VΓ (otherwise, the quotient graph ΓK has valency 2 and Aut ΓK is a dihedral
group, which contradicts the fact that GK/K ≤ M/K ≤ Aut ΓK ). This implies that |G|2 is divisible by |K |, and hence by 2d,
where |G|2 stands for the 2-part of |G|. Moreover, if |G|2 = 2d, then ΓK is a cubic graph of odd order, which is impossible. So
2d is a proper divisor of |G|2. Now we check the ten groups case by case.
If G = M11, then |G|2 = 24. However, by Kleidman and Liebeck [7, Proposition 5.3.8], d ≥ 5, a contradiction. A similar
argument shows that also G = M23 does not occur.
For G = M22, we have |G|2 = 27, and by Kleidman and Liebeck [7, Proposition 5.3.8] d ≥ 6. Thus d = 6 and |K | = 26.
It follows that K ∼= Z62, and hence G is isomorphic to a proper subgroup of L6(2). On the other hand, |M22| is divisible by 11
and (11, |L6(2)|) = 1, a contradiction. So G = M22 is not the case. A similar argument shows that G = J2 is not the case.
For G = Suz, we have |G|2 = 213, and by Kleidman and Liebeck [7, Proposition 5.3.8], d ≥ 12. A similar argument as
in M22 shows that G is isomorphic to a proper subgroup of L12(2). On the other hand, it is straightforward to verify that
(13, |L12(2)|) = 1. Since 13 is a prime divisor of |Suz|, it follows that |L12(2)| is not divisible by |Suz|, a contradiction.
For G = L2(11), we have |G|2 = 22, and by Kleidman and Liebeck [7, Table 5.3.A], d ≥ 5, a contradiction.
For G = A5, we have |G|2 = 22, and by Kleidman and Liebeck [7, Proposition 5.3.7], d = 2, a contradiction.
For G = An with n ∈ {11, 23, 47}, we have, by Kleidman and Liebeck [7, (i) of Proposition 5.3.7], d ≥ n− 2. However, by
Lemma 2.3, |G|2 is at most 2n−2, which contradicts that 2d is a proper divisor of |G|2. 
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